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We investigate the effect of introducing nearest-neighbor p-wave superconducting pairing to both
the static and kicked extended Harper model with two periodic phase parameters acting as artificial
dimensions to simulate three-dimensional systems. It is found that in both the static model and
the kicked model, by varying the p-wave pairing order parameter, the system can switch between
a fully gapped phase and a gapless phase with point nodes or line nodes. The topological property
of both the static and kicked model is revealed by calculating corresponding topological invariants
defined in the one-dimensional lattice dimension. Under open boundary conditions along the phys-
ical dimension, Majorana flat bands at energy zero (quasienergy zero and π) emerge in the static
(kicked) model at the two-dimensional surface Brillouin zone. For certain values of pairing order
parameter, (Floquet) Su-Schrieffer-Heeger-like edge modes appear in the form of arcs connecting
different (Floquet) Majorana flat bands. Finally, we find that in the kicked model, it is possible
to generate two controllable Floquet Majorana modes, one at quasienergy zero and the other at
quasienergy π, at the same parameter values.
PACS numbers: 03.65.Vf, 73.43.-f, 74.20.Rp, 71.10.Pm
I. INTRODUCTION
The last decade has seen tremendous advances in
our understandings of topological phases, ranging from
gapped phases, such as topological insulators and topo-
logical superconductors [1, 2], to gapless topological
semimetals, such as Weyl semimetals [3–6] and nodal-line
semimetals [7–13]. Both fully gapped and gapless topo-
logical materials can be classified in terms of nonspatial
symmetries, such as time reversal and particle hole, as
well as spatial symmetries, such as reflection and rota-
tion [14, 15]. Each topological class can be characterized
by a topological invariant calculated from its bulk spec-
trum, which cannot change without the closing-reopening
process of the bulk gap. Through the bulk-edge corre-
spondence, when open boundary conditions (OBCs) are
taken, gapless edge (surface) states will emerge, such as
chiral (helical) edge states in quantum (spin) Hall in-
sulators, Majorana zero modes in topological supercon-
ductors [1, 2], Fermi arcs in Weyl semimetal [3, 5], and
surface flat bands in nodal-line semimetals [7–13].
Recently, topological phases in periodically driven
quantum systems have also attracted considerable the-
oretical and experimental interest due to their high con-
trollability [16–43]. An otherwise topologically triv-
ial system can be made to be topologically nontrivial
by means of a driving field, with one seminal example
termed as “Floquet topological insulator” (FTI) [16] in
connection with the Floquet theory [44, 45]. Unlike static
systems, in a periodically driven (hence Floquet) system,
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the quasienergy is defined only up to a Brillouin zone
(BZ). As such, two kinds of bulk Floquet gaps exist, i.e.,
one around quasienergy zero and the other around π,
leading to two types of edge modes, namely, the zero
mode and π mode. Floquet superconductors were first
proposed in Ref. [27], where a Z2×Z2 invariant was intro-
duced to describe the zero-mode as well as π-mode Flo-
quet Majorana fermions (FMFs). In addition to gapped
Floquet phases, there are also proposals to realize Flo-
quet topological semimetals [25, 35, 46, 47]. For example,
Weyl semimetals can be induced from three-dimensional
(3D) topological insulators [35] or nodal-line semimet-
als [46] by the application of off-resonant circularly po-
larized light. There are many interesting effects pecu-
liar to periodically driven systems such as the anoma-
lous edge states [34] and counterpropagating chiral edge
modes [33], which are still under investigation.
Among the studies of Floquet topological phases, the
kicked Harper model (KHM) provides an opportunity
to explore topological phenomena in higher-dimensional
systems from the perspective of one-dimensional (1D)
systems by introducing periodic system parameters as ar-
tificial dimensions [24, 25, 48]. For example, in Ref. [25],
modulations were introduced to both the lattice hop-
ping term and the kicking potential in the KHM, which
were represented by two phase shifts playing the role of
two periodic system parameters. By tuning the hopping
strength and kicking strength in the system, 3D Flo-
quet Weyl semimetals and nodal-line semimetals could
be easily realized. Motivated by these results and the
property of FMFs [27], in this paper, nearest-neighbor
p-wave superconducting pairing in the lattice dimension
is introduced into the above extended KHM to explore
3D Floquet topological superconducting phases. In order
to capture unique features of Floquet topological super-
2conducting phases, we also study the static version of the
model to make a comparison.
The main results of this paper are as follows. First,
it is found that in both the static model and the kicked
model, the introduction of p-wave superconductivity may
give rise to point nodes, line nodes, or a full gap in the
bulk (quasi) energy spectrum. While the static model
can only exhibit point or line nodes at energy zero, the
kicked model can exhibit point or line nodes at both
quasienergy zero and π. As the pairing order parame-
ter is increased, the line nodes expand in the static case,
which eventually merge with one another and disappear.
In the kicked case, however, as the pairing order pa-
rameter is increased beyond a certain value, additional
band touching points emerge. Second, by treating the
two phase shifts as parameters, topological Z and Z2 in-
dices can be calculated in the 1D lattice dimension for the
static model, which are extended to Z × Z and Z2 × Z2
indices for the kicked model due to the extra π mode.
When OBCs are taken along the lattice dimension, zero
energy Majorana flat bands (two flavors of Floquet Ma-
jorana flat bands at quasienergy zero and π) emerge at
the 2D surface BZ spanned by the two periodic param-
eters in the static (kicked) model, which can be charac-
terized by the Z2 (Z2 × Z2) index and bounded by the
line nodes. Due to the controllability of the line nodes,
it is possible to turn the whole parameter region into a
topologically nontrivial (quasi)-band structure with a full
bulk (quasi)-energy gap, leading to the emergence of flat
bands over the whole parameter BZ under OBCs. These
flat bands contain a large density of states for (Floquet)
Majorana fermions (MFs) and, due to their controlla-
bility, may provide a versatile platform to study vari-
ous properties of MFs such as interaction effects [49, 50]
and transport phenomena. Third, at certain values of
pairing order parameter, (Floquet) Su-Schrieffer-Heeger
(SSH)-like edge modes, i.e., flat lines connecting differ-
ent nodal loops, emerge at the surface and coexist with
the (Floquet) Majorana modes. This implies that both
(Floquet) SSH-like edge modes and (Floquet) Majorana
edge modes can be realized in the same system. Finally,
a unique feature of the kicked model, i.e., the possibility
to generate two controllable Floquet Majorana modes,
one at quasienergy zero and the other at quasienergy π,
at the same parameter values, is again observed.
This paper is organized as follows. In Sec. II, we first
present the Hamiltonian of the static superconducting
off-diagonal Harper model (SODHM) made up by adding
the nearest-neighbor p-wave pairing term to the extended
off-diagonal Harper model [51]. The condition for the
emergence of line nodes is derived in Sec. II A. The Z
and Z2 topological invariant is introduced and calculated
in Sec. II B, and the surface flat bands under OBCs are
shown numerically in Sec. II C. We then continue to in-
vestigate the kicked superconducting off-diagonal Harper
model (KSODHM) in Sec. III. The Floquet spectrum is
derived and compared with its static counterpart in Sec.
III A. The Z2×Z2 index is introduced and calculated in
Sec. III B. The Floquet surface flat bands under OBCs
are shown and a unique feature of the kicked model is
discussed in Sec. III C. Section IV concludes this paper.
II. STATIC SUPERCONDUCTING
OFF-DIAGONAL HARPER MODEL (SODHM)
A. Model description
We first investigate the static Harper model (HM)
with modulated off-diagonal hopping terms, modulated
on-site potentials, and nearest-neighbor p-wave pairing
terms. The Hamiltonian is given as
H(t) =
N−1∑
n=1
{
[J + λ cos(2πα1n+ φy)]cˆ
†
ncˆn+1
+∆cˆ†ncˆ
†
n+1 +H.c.
}
+
N∑
n=1
V cos(2πα2n+ φz)cˆ
†
ncˆn,
(1)
where N counts the total number of lattice sites, cˆ†n(cˆn)
denotes the creation (annihilation) operator, J and λ
are nearest-neighbor hopping strength, ∆ denotes the
nearest-neighbor p-wave pairing order parameter (∆ > 0
is assumed hereafter), V is the on-site potential strength,
α1 and α2 are two adjustable parameters controlling the
nearest-neighbor hopping and on-site potential terms, re-
spectively, with φy and φz representing the hopping and
kicking phase shifts. As in Ref. [25], for simplicity, we
take α1 = α2 =
1
2 in Eq. (1) and get
H =
N−1∑
n=1
{[J + (−1)nλ cosφy ]cˆ†ncˆn+1 +∆cˆ†ncˆ†n+1 +H.c.}
+
N∑
n=1
(−1)nV cosφz cˆ†ncˆn. (2)
Since the phases φy and φz are also periodic, they can be
treated as quasimomenta perpendicular to the physical
lattice direction. The system is invariant after transla-
tion by two lattice sites under periodic boundary condi-
tions in the lattice direction, so Fourier transform can be
performed with two sublattices in a unit cell,
cˆs,n =
1√
N/2
∑
k∈[0,pi]
cˆs,ke
ik(2n+s−2) (3)
where s = 1, 2 for odd and even lattice sites, respec-
tively. Note that because of the enlarged unit cell, the
BZ has now shrunk into half of the initial one. Under
this transformation, the quasimomentum space single-
particle Hamiltonian can be written as
h(k, φy, φz) =J cos(k)τzσx + λ cos(φy) sin(k)τzσy
+∆sin(k)τyσx +
V
2
cos(φz)τzσz, (4)
3FIG. 1. (Color online) (a) Nodal lines as a function of φy and
φz in the k =
pi
2
plane for J = 1, λ = 0.5, V = 2 with different
values of ∆. (b) The Z2 index, (c) the chiral index N1, and
(d) N2 for J = 1, λ = 0.5, V = 2, and ∆ = 0.3.
where the Pauli matrices σi and τi, with i = 0, x, y, z,
act in the sublattice space and particle-hole space, re-
spectively, and [c1,k, c2,k, c
†
1,−k, c
†
2,−k]
T is chosen as the
base vector. At k = pi2 , the energy spectrum is given
by ǫ = ±∆ ±
√
λ2 cos2 φy +
V 2 cos2 φz
4 . The gap closing
condition corresponds to ǫ = 0, which is satisfied when
∆ =
√
λ2 cos2 φy +
V 2 cos2 φz
4
. (5)
If ∆ = 0, the middle two bands touch at isolated points
(k, φy, φz) = (
pi
2 ,±pi2 ,±pi2 ), while if ∆ 6= 0, they touch
along nodal loops or lines determined by Eq. (5), as ex-
plicitly illustrated in Fig. 1(a) with J = 1, λ = 0.5, V = 2
and different values of ∆. If ∆ =
√
λ2 + V
2
4 , they again
touch at isolated points (k, φy, φz) =
(
pi
2 , 0(π), 0(π)
)
. Fi-
nally, if ∆ >
√
λ2 + V
2
4 , there will be no band touching
points, resulting in a total gap between particle bands
and hole bands.
B. Z and Z2 topological invariant
Due to the nearest-neighbor p-wave superconductor
pairing, the static Hamiltonian in Eq. (4) possesses
particle-hole symmetry (PHS), Ph(k, φy, φz)P
−1 =
−h(−k,−φy,−φz), with the particle-hole operator P =
τxK, where K denotes the complex conjugate. The
Hamiltonian also satisfies the time-reversal symmetry
(TRS), Th(k, φy, φz)T
−1 = h(−k,−φy,−φz), with the
time-reversal operator defined as T = K for a spinless
system. Consequently, there exists a chiral symmetry
(CS) in the system, C1h(k, φy , φz)C
−1
1 = −h(k, φy, φz),
with the chiral operator defined as the product of
the time-reversal operator and particle-hole operator
C1 = TP = τx. When φz = ±pi2 , the system
has an additional SSH-like sublattice(chiral) symmetry,
C2h(k, φy , φz)C
−1
2 = −h(k, φy, φz), with C2 = σz [52–
54]. According to the Altland-Zirnbauer classification for
noninteracting systems [14], this Hamiltonian belongs to
the BDI class. However, in three dimensions, no strong
topological invariants exist to characterize the BDI class.
Nevertheless, when φy and φz are treated as sole parame-
ters, the system will be reduced to 1D chains of the BDI
class, which can now be characterized by two Z chiral
indices corresponding to the above two CS, respectively.
For general φy and φz with CS C1, the chiral index N1
is given by (see Appendix A) [53, 54]
N1 =

 1 for ∆ >
√
λ2 cos2 φy +
V 2 cos2 φz
4 ,
0 for ∆ <
√
λ2 cos2 φy +
V 2 cos2 φz
4 .
(6)
For the sublattice symmetric case of φz = ±pi2 , another
chiral index N2 can be obtained as (see Appendix A)
N2 = Θ(λ cosφy −∆) + Θ(λ cosφy +∆)
=


2 for λ cosφy > ∆,
1 for −∆ < λ cosφy < ∆,
0 for λ cosφy < −∆.
(7)
A nonzero N1 or N2 indicates a topological nontrivial
phase. Apart from the two Z indices, there also exists a
weak particle-hole Z2 index [55–57], which is obtained as
(see Appendix B)
Q = sgn
{(
λ2 cos2 φy +
V 2 cos2 φz
4
)
−∆2
}
. (8)
Here, Q = −1(1) stands for Z2 nontrivial (trivial) phase,
andQ is related toN1 throughQ = (−1)N1 , which means
the parity of N1. In the current model without longer-
ranged-neighbor couplings , N1 can-not be larger than
1, so the nontrivial region with N1 = 1 should coin-
cide with that with a nontrivial Q = −1. By compar-
ing Eqs. (6)–(8) with Eq. (5), it is easy to see that these
nodal lines correspond to boundaries between topologi-
cal nontrivial and trivial phases, which is quite reason-
able since the change of topological invariants usually
requires the closing-reopening process of the bulk gap.
We choose J = 1, λ = 0.5, V = 2, and ∆ = 0.3, and
numerically show Q, N1, and N2 in Figs. 1(b)–1(d), re-
spectively, where blue regions of N1 = 1 in Fig. 1(c) [or
Q = −1 in Fig. 1(b)] and N2 6= 0 sections in Fig. 1(d)
represent nontrivial phases. When ∆ >
√
λ2 + V
2
4 , no
nodal points or lines exist and N1 and N2 always equal
1, indicating a nontrivial phase regardless of the values
of φy and φz . Because of the bulk-edge correspondence,
4as is elucidated in Sec. II C, this implies the existence of
one Majorana zero mode throughout the whole parame-
ter BZ.
C. Surface Majorana flat bands and Dirac arcs
under OBCs
It is well known that, through bulk-edge correspon-
dence, topological phases can also be characterized by
their localized edge states when OBCs are taken, such
as chiral (helical) edge states in quantum (spin) Hall in-
sulators, Majorana zero modes in topological supercon-
ductors [1, 2], and Fermi arcs in Weyl semimetals [3].
Similarly, for each of the above 1D chains with a non-
trivial N1 or Z2 index, Majorana zero modes will emerge
at the chain ends when OBCs are taken along the lattice
direction. As a result, surface Majorana flat bands will
emerge in the 2D surface BZ. This is quite similar to the
drumhead surface states in nodal-line semimetals which
are protected by the Z2 parity of Berry phase [12, 13],
and surface flat bands in other systems [58].
Figure 2 shows the energy spectrum of the static model
under OBCs with N = 60 lattice sites and J = 1, λ =
0.5, V = 2, ∆ = 0.3. The lower one of the middle two
bands around ǫ = 0 is shown in Fig. 2(a), where Ma-
jorana zero-energy flat bands are clearly seen inside the
nodal loops determined by the projections of the bulk
bands onto the surface BZ. To see the localized nature
of these flat bands, we write an energy eigenstate in the
real space as ψˆ =
∑N
i=1
(
uicˆi+vicˆ
†
i
)
, where ui(vi) stands
for particle (hole) component. As shown in the inset of
Fig. 2(a), we choose one state (φy , φz) = (
pi
2 ,
pi
2 ) inside
the flat bands and plot the modular square of its particle
component against the lattice sites |ui|2, which decays
fast into the bulk and is truly localized at the surface.
Apart from the drumhead states, when ∆ < |λ|, there
exist two arcs at φz = ±pi2 connecting two flat bands, as
can be clearly seen in Fig. 2(a). The emergence of the
arcs can be explained by the additional chiral (sublat-
tice) symmetry C2 when φz = ±pi2 in Eq. (4) and share
the same origin as those in the SSH model [25, 52–54].
For these values of φy and φz , N2 = 2, indicating that
each of these modes is a Dirac zero mode formed by two
Majorana zero modes. These arcs can also be explained
as follows. By scanning φz from −π to π at a fixed value
of φy between −pi2 and pi2 , counterpropagating chiral edge
states, i.e., one around φz =
pi
2 , and the other around
φz = −pi2 , traverse the bulk gap with opposite velocity,
as shown in Fig. 2(b). These counterpropagating chiral
edge states originate from the band structure of the sys-
tem at a fixed |φy | < pi2 . When ∆ = 0, the band structure
for a 2D k − φz slice at a constant |φy| < pi2 plane corre-
sponds to a topologically nontrivial insulator formed by
two mirror copies of Chern insulators due to the presence
of TRS [59], while a 2D k−φz slice outside that range or
a 2D k−φy slice corresponds to trivial insulators with no
chiral edge states. When a small ∆ term is introduced, as
FIG. 2. (Color online) For fixed J = 1, λ = 0.5, V = 2, and
∆ = 0.3 under OBCs in the lattice dimension with 60 lattice
sites , (a) the lower one of the middle two energy bands around
zero energy as a function of φy and φz, where Majorana zero-
mode flat bands as well as Dirac zero-mode arcs connecting
them can be seen clearly. Inset: The modular square of the
wavefunction’s particle component against the lattice sites for
the state (φy, φz) = (
pi
2
, pi
2
) inside the flat bands. (b) The
energy spectrum as a function of φz for fixed φy = 0, where
counterpropagating chiral edge states appear around φz =
±
pi
2
.
long as the bulk gap on this plane does not close and can
be adiabatically connected to the ∆ = 0 case, these coun-
terpropagating chiral edge states should remain, since
they are topologically protected. The crossings of these
chiral edge states at zero energy form the arcs connect-
ing different nodal loops. This model therefore offers an
opportunity to realize both the SSH-like Dirac zero mode
and the Kitaev-like Majorana zero mode, which have dif-
ferent topological origins, within the same system.
5III. KICKED SUPERCONDUCTING
OFF-DIAGONAL HARPER MODEL (KSODHM)
A. Model description
We now consider the kicked version of the SODHM by
replacing the static on-site potential in Eq. (2) with a
periodically kicked one, and rewrite Eq. (2) as
H =
N−1∑
n=1
{[J + (−1)nλ cosφy ]cˆ†ncˆn+1 +∆cˆ†ncˆ†n+1 +H.c.}
+
N∑
n=1
∑
m
(−1)nV δ(t−mT ) cosφz cˆ†ncˆn, (9)
where T represents the kicking period. Due to the time-
periodic nature of the above Hamiltonian, we can apply
Floquet theory and define the Floquet operator for one
full period as [16, 25]
U(T ) =e−i
∑
N−1
n=1
{[J+(−1)nλ cosφy ]cˆ
†
ncˆn+1+∆cˆ
†
ncˆ
†
n+1
+H.c.}
×e−i
∑
N
n=1
(−1)nV cosφz cˆ
†
ncˆn , (10)
where h¯ = T = 1 have been taken for simplicity. Through
the same Fourier transform as introduced in Eq. (3), the
quasimomentum space Floquet operator U(k, φy, φz) is
given by
U(k, φy, φz) = e
−ih0e−ih1 , (11)
with
h0 = J cos(k)τzσx + λ cos(φy) sin(k)τzσy +∆sin(k)τyσx
h1 =
V
2
cos(φz)τzσz . (12)
The quasienergy spectrum can be obtained from the ex-
ponents of the eigenvalues of the Floquet operator [44,
45]. Without superconductivity, i.e., if ∆ = 0, this model
will be reduced to the one in Ref. [25].
In order to further simplify Eq. (11), we shall focus on
the plane k = pi2 in the 3D BZ. By performing a cyclic
permutation τx → τz → τy → τx, the argument in both
exponential operators is block diagonal and can be writ-
ten in the form
A =
(
0 a
a† 0
)
, (13)
where a is a 2 × 2 matrix. In the new representation
of τ ′s, the argument in the first exponent of Eq. (11)
is given by Eq. (13) with a = −iλ cos(φy)σy + ∆σx. It
follows that A2n = [∆ − λ cos(φy)τzσz ]2n and A2n−1 =
[∆ − λ cos(φy)τzσz ]2n−1τxσx. Therefore, by using the
property of exponential expansion,
e−i[λ cos(φy)τyσy+∆τxσx] =cos
(
∆− λ cos(φy)τzσz
)
−i sin (∆− λ cos(φy)τzσz)τxσx.
(14)
Similarly, for the second exponent of Eq. (11), a =
−iV2 cos(φz)σz , so that A2n = (V2 cosφz)2nI4 and
A2n−1 = (V2 cosφz)
2n−1τyσz . Therefore,
e−i
V cosφz
2
τyσz = cos
(
V cosφz
2
)
− i sin
(
V cosφz
2
)
τyσz.
(15)
Equation (5), together with Eqs. (14) and (15), lead to
the following approximate condition for the band touch-
ing points (on the k = pi2 plane) to occur:
∆(mod π) =
√
λ2 cos2 φy +
[
V cosφz
2
(mod π)
]2
, (16)
which agrees quite well with numerical results for small
parameters of λ, V,∆ < 1. For larger values of these pa-
rameters, there are in general some significant discrep-
ancies between Eq. (16) and our numerics. However,
Eq. (16) becomes exact and can be verified analytically
in the special cases of λ cosφy = 0 or
V
2 cosφz = lπ (l is
an integer). If V2 cosφz = lπ, band touchings occur when
∆ = λ cosφy +mπ, where m is an integer, in which case
the Floquet operator becomes
U =(−1)l+m ×{
cos[∆(1− τzσz)]− i sin[∆(1− τzσz)]τxσx
}
.
(17)
It is easily verified that Eq. (16) has two degenerate
eigenvalues (−1)l+m, which means that two quasienergies
touch at zero (π) for even (odd) l +m. If λ cosφy = 0,
then V2 cosφz = ∆+lπ is required to achieve band touch-
ing, in which case,
U =(−1)l ×[
cos2∆− sin2(∆)τzσy − i sin(2∆)
2
(τyσz + τxσx)
]
,
(18)
which possesses two degenerate eigenvalues (−1)l, giving
rise to band touchings at quasienergy zero (π) for even
(odd) l.
Equations (17) and (18) provide an analytical argu-
ment that, in the kicked model, band touching points
can occur not only at quasienergy zero, but also at
quasienergy π. To further compare the bulk spectrum
of the static and kicked model, we consider the same
parameters as those in the static case J = 1, λ = 0.5,
and V = 2. If ∆ = 0, band touchings occur only at
quasienergy zero at (k, φy , φz) =
(
pi
2 ,±pi2 ,±pi2
)
[25], as
shown in Fig. 3(a). After turning on a nonzero ∆, as can
be seen in Fig. 3(b) with ∆ = 0.3, the upper and lower
branches begin to split apart into two particle bands and
two hole bands, respectively, and they touch along closed
nodal lines instead of isolated points on the k = pi2 plane.
∆ = 0.5 and ∆ = 1 correspond to the two special cases
where different nodal lines start to touch and merge with
6FIG. 3. (Color online) The quasienergy spectrum as a func-
tion of φy and φz for J = 1, λ = 0.5, V = 2, k =
pi
2
, (a) ∆ = 0
with nodal points at quasienergy zero and (b) ∆ = 0.3 where
the nodal points evolve into nodal lines. Nodal lines with
representative values of ∆, (c) at quasienergy zero and (d) at
quasienergy π.
each other, as shown in Fig. 3(c). When ∆ ≈ 1.1, all the
nodal lines have merged with each other and have van-
ished to form a total gap. So far, everything is similar to
the static model; however, if we continue to increase ∆
to a value of ∆ ≈ 2.07, new band touching points, now
at quasienergy π, start to emerge, as shown in Fig. 3(d).
These additional band touching points lead to a differ-
ent topology and a different feature of the kicked model,
which will be discussed in Secs. III B and III C.
The similarity and difference between the static and
the kicked model at small and large values of parameters,
respectively, can be understood physically as follows. By
Fourier decomposing the kicked system in terms of its fre-
quency components, it consists of the static version of the
model, which is coupled with infinitely many frequency
modes. If the system parameters are small, the transition
frequency of the static version will be small (off-resonant)
as compared with any of the frequency modes. As a re-
sult, the band structure should not change much, and the
properties of the static version can be carried forward to
the kicked version. As the system parameters increase,
the transition frequency will in general increase. Conse-
quently, at some values of k, φy, and φz , the transition
frequency may become resonant with one of the frequency
components of the driving (kicking) term. As a result,
the two energy bands are dynamically connected, which
leads to the different features of the kicked model, such
as the emergence of additional band touching points at
quasienergy π, which we showed earlier.
B. Z2 × Z2 invariant
In order to discuss the symmetry class of the time-
evolution operator, we rewrite the Floquet operator with
T = 1 in Eq. (11) in a symmetrized form [22],
U(k, φy, φz) = e
−i
h1
2 e−ih0e−i
h1
2 . (19)
The Floquet operators in Eqs. (11) and (19) have the
same eigenvalues, with their eigenvectors related by a
unitary transformation. The time-dependent Hamilto-
nian now has PHS, TRS, and CS [43],
Ph(k, φy, φz , t)P
−1 = −h(−k,−φy,−φz, t)
Th(k, φy, φz , t)T
−1 = h(−k,−φy,−φz,−t)
C1h(k, φy, φz, t)C
−1
1 = −h(k, φy, φz ,−t) (20)
where P , T , and C1 operators are the same as those in the
static case. It follows that the time-evolution operator
U(k, φy, φz , t) for arbitrary t ∈ [0, 1] satisfies [41–43]
PU(k, φy, φz , t)P
−1 = U∗(−k,−φy,−φz, t)
TU(k, φy, φz, t)T
−1 = U∗(−k,−φy,−φz, 1− t)
C1U(k, φy, φz , t)C
−1
1 = U(k, φy, φz , 1− t). (21)
As a result, the time-evolution unitary operator falls into
the time-dependant BDI class with no topological invari-
ants in 3D and a Z ×Z [60] index in 1D when φy and φz
are treated as parameters [43]. In Floquet (topological)
superconducting systems, two flavors of Floquet Majo-
rana modes may emerge, i.e., one at quasienergy zero,
the other at π, because both zero and π are particle-
hole symmetric due to the periodic nature of the quasien-
egy [27, 41]. For every 1D chain with φy and φz seen as
parameters, the number of Floquet Majorana zero-mode
n0 and that of π-mode npi can constitute a Z × Z in-
dex, with their parities represented by two Z2 indices,
Q0 = (−1)n0 , and Qpi = (−1)npi , respectively [41, 42].
The two Z2 indices, Q0 and Qpi, constitute the Z2 × Z2
index introduced in Ref. [27], where Q0 (Qpi) is defined
by the parity of the total number of times that the eigen-
values of U0(τ) and Upi/2(τ) cross 1 (−1) [27]. Q0 and
Qpi are in general independent of each other and they
together characterize the topological property of a Flo-
quet system with PHS [27, 41]. For the purpose of this
paper, only the Z2 × Z2 index is numerically calculated
by the methods in Ref. [27] (see Appendix C), which is
enough to characterize the existence of Floquet Majo-
rana flat bands, since at most one Majorana zero mode
or π mode is found for the parameters we choose in this
paper. Consequently, a nontrivial Q0 (Qpi) indicates the
appearance of one Floquet Majorana zero (π) mode.
Results of the Z2 × Z2 index for four representative
phases are presented in Fig. 4, with Q0 (Qpi) values in
the upper (lower) row, where Q0 = −1 (Qpi = −1) means
nontrivial and is colored in blue. In the first column, the
parameters are chosen as J = 1, λ = 0.5, V = 2,∆ = 0.3,
where the bulk Floquet spectrum exhibits nodal lines
7FIG. 4. (Color online) The Z2 × Z2 index, Q0 (upper row) and Qpi (lower row) as a function of φy/π and φz/π, for fixed
J = 1, λ = 0.5, with V = 2,∆ = 0.3 (first column), V = 2,∆ = 1.5 (second column), V = 2,∆ = 2.5 (third column), and
V = 8,∆ = 0.3 (last column). The Q0,pi index inside (outside) the blue regions equals −1(1), which indicates a nontrivial
(trivial) phase.
at quasienergy zero. It is shown that Q0 = −1(1) in-
side (outside) the nodal lines, while Qpi = 1 all over
the region. In the last column with the parameters
J = 1, λ = 0.5, V = 8,∆ = 0.3, nodal loops appear
at both quasienergy zero and π, and it is shown that
Q0 = −1(1) and Qpi = −1(1) inside(outside) the nodal
loops at zero and π, respectively. Of particular interest is
the case where at least one of Q0 and Qpi is nontrivial for
the whole (φy , φz) region. As shown in the second col-
umn with J = 1, λ = 0.5, V = 2 and ∆ = 1.5, Q0 always
equals −1 in accordance with the absence of nodal lines
at quasienergy zero. Similar to its corresponding static
model as elucidated in Sec. II B, by bulk-edge correspon-
dence, this implies the existence of zero mode through-
out the whole parameter BZ. However, unlike the static
model, by increasing ∆ further, additional band touching
points may appear at quasienergy π, leading to a region
with nontrivial topology at quasienergy π, as illustrated
in the third column of Fig. 4 with J = 1, λ = 0.5, V = 2,
and ∆ = 2.5. This in turn leads to a region in which zero
and π modes emerge at the same φy and φz , which will
be verified directly in Fig. 5(e) in Sec. III C.
C. Floquet surface Majorana flat bands and Dirac
arcs under OBCs
In a 1D Floquet topological superconductor under
OBCs, Q0 = −1 (Qpi = −1) indicates the emergence
of Floquet Majorana modes at quasienergy zero (π) [27],
in contrast to the static case where Majorana modes exist
only at zero energy. Consequently, surface Majorana flat
bands may emerge inside the projections of the nodal
lines at both quasienergy zero and π. Figure 5 shows
the quasienergy spectrum for fixed J = 1, λ = 0.5 and
different parameters of V and ∆, where OBCs are taken
along the lattice dimension with N = 60 lattice sites. For
V = 8 and ∆ = 0.3, the uppermost band near ǫ = π is
shown in Fig. 5(a), where π-mode Floquet Majorana flat
bands and arcs connecting them can be clearly seen. To
verify their localized nature at the surface, we also choose
one state, (φy , φz) = (
pi
2 , arccos
pi
4 ), inside the π-mode flat
band and plot the modular square of its particle compo-
nent against the lattice sites |ui|2 in the inset of Fig. 5(a),
which decays fast into the bulk. The quasienergy spec-
trum as a function of φz for fixed φy =
pi
2 is shown in
Fig. 5(b), where both zero-mode and π-mode Floquet
Majorana flat bands can be observed.
At certain values of the system parameters, there ex-
ist arcs connecting different nodal loops at quasienergy
zero or π, which can be seen as the remnants of the
original Fermi arcs connecting different point nodes in
Ref. [25] and also have a SSH-like origin. For example,
in Fig. 5(a) with l = 1 and V = 8, the arcs are located
around φz = arccos
pi
4 ≈ 0.212 at quasienergy π. The
emergence of these line modes can also be understood as
follows. When ∆ = 0, counterpropagating chiral edge
states, whose origin has been elucidated in Sec. II C, ex-
ist at the same edge when φz is scanned from −π to π at
a fixed φy between −pi2 and pi2 , leading to a zero winding
8number inside each Floquet gap at quasienergy zero or
π, and a zero Chern number for each Floquet band [34],
which is numerically shown in Fig. 5(c) with the param-
eters chosen as J = 1, λ = 0.5,∆ = 0.3, φy = 0, V = 8,
∆ = 0. After turning on a small ∆ 6= 0, as long as the
Floquet gap does not close and can be adiabatically con-
nected to the ∆ = 0 case, these chiral edge states will
remain, as shown in Fig. 5(d) with ∆ = 0.3. The cross-
ings of these chiral edge states at quasienergy zero and π
form the line modes.
Moreover, as a feature of the kicked model, it is
possible to generate Floquet Majorana modes at both
quasienergy zero and π simultaneously under the same
φy and φz . This can be achieved for example under
V = 2,∆ = 2.5 and V = 8,∆ = 2.2, which are shown
numerically in Figs. 5(e) and 5(f), respectively, where the
quasienergy spectrum is plotted at a constant φy =
pi
2 as
a function of φz. Figure 5(e) also numerically verifies the
Z2 × Z2 phase diagrams in Figs. 4(c) and 4(g) in Sec.
III B, where a large value of ∆ gives rise to π-mode flat
bands in addition to the zero-mode flat bands spanning
the whole BZ. In this way, both of the flavors of Floquet
Majorana modes as well as the region of the surface flat
bands can be manipulated simultaneously by tuning the
pairing order parameter.
IV. CONCLUSION AND DISCUSSION
We have studied both the static and periodically kicked
off-diagonal Harper model with nearest-neighbor p-wave
superconducting pairing. It is found that, depending on
the pairing order parameter, the particle bands and hole
bands can touch at isolated points, along nodal lines, or
even do not touch at all. In the static model, they touch
at zero energy and the location of the nodal lines can be
determined analytically. In the kicked model, they touch
at quasienergy zero or π. By treating the two phase shifts
as parameters, the topological property of each of the ef-
fective 1D chains along the lattice dimension is revealed
by calculating corresponding topological invariants. The
nodal lines correspond to boundaries between different
topological phases since the change of topological invari-
ant usually requires the closing-reopening process of the
bulk (quasi)-energy gap. For nontrivial phases, when
OBCs are taken along the lattice dimension, Majorana
flat bands will appear in the 2D surface spanned by the
parameters, which is bounded by the projections of nodal
lines onto this surface. These flat bands are controllable
and provide a large density of states for Floquet Majo-
rana fermions and may help us study various properties
of (Floquet) Majorana fermions. For certain parameter
regions, there also exists (Floquet) SSH-like Dirac edge
modes, which form arcs connecting different surface Ma-
jorana flat bands. This implies that both the (Floquet)
SSH-like modes and (Floquet) Majorana modes can be
realized in the same system. Despite the similarity be-
tween the static and kicked model, we have also empha-
sized a feature of the kicked model, i.e., the possibility
to generate two controllable Majorana flat bands, one at
quasienergy zero and the other at quasienergy π, at the
same values of φy and φz . This suggests that while the
superconductivity term leads to novel physics in both the
static and kicked model, the kicked model (or Floquet
systems in general) might offer a more controllable plat-
form for potential applications in the area of quantum
computation and quantum control.
As a possible experimental realization of our model, we
note that the p-wave pairing term can be introduced in
the cold-atom setups through the p-wave Feshbach reso-
nance [61], synthetic spin-orbit coupling [62], or by com-
bining orbital degrees of freedom with strong s-wave in-
teractions [63]. Moreover, the Harper model with artifi-
cial dimensions can be easily realized in either waveguide
setups [64] or cold-atom setups [65]. By focusing on the
cold atom realization of the Harper model in an optical
lattice, the kicking term can be simulated by considering
a two-step protocol as follows. For nT < t ≤ nT + T2 ,
with n and T being an integer and the period of the pro-
tocol, respectively, the lattice depth can be tuned to be
very small so that the hopping term between two lattice
sites is dominant over the on-site potential term. For
nT + T2 < t ≤ (n + 1)T , the lattice depth is then tuned
to be very deep so that the hopping strength is mini-
mized. This two-step protocol can be achieved by con-
trolling the two counterpropagating lasers making up the
optical lattice. Finally, by designing a mechanism that
combines the realizations of p-wave pairing term and ex-
tended Harper model elucidated above, our model can be
experimentally realized.
So far, we have only focused on the generalized Harper
model with π flux, i.e., α1 = α2 =
1
2 in Eq. (1), which
possesses two bands (four bands in the presence of the
p-wave pairing term). It is expected that considering
the case with more than two bands might be more fruit-
ful [66]. Moreover, when next-nearest-neighbor coupling
terms are introduced, the sublattice symmetry C2 is bro-
ken since next-nearest neighbors belong to the same sub-
lattice. Nevertheless, when only a real next-nearest-
neighbor p-wave paring potential is considered, the SSH-
like edge modes survive but they are no longer degener-
ate with a small energy splitting from each other. As for
the chiral symmetry C1, it may or may not remain, de-
pending on whether TRS is broken by terms such as the
phase difference between nearest-neighbor pairing poten-
tial and next-nearest-neighbor pairing potential. If this
chiral symmetry is preserved, more than one Majorana
zero (or π) mode may emerge on each 1D chain’s end due
to the longer-ranged couplings [20, 67], whose detailed
analysis is beyond the scope of this paper. In addition,
we have only considered the effect of the p-wave pair-
ing term applied along one dimension, i.e., the physical
dimension, in this work. In order to better simulate a
physical 3D system, introducing the p-wave term along
the other (artificial) dimensions is preferred. This can be
accomplished by designing a scheme that simulates su-
9FIG. 5. (Color online) Quasienergy spectrum for fixed J = 1, λ = 0.5 and different V,∆ under OBCs in the lattice dimension
with 60 lattice sites. For V = 8 and ∆ = 0.3, (a) the uppermost band around quasienergy π as a function of φy and φz, where
Floquet Majorana π-mode flat bands as well as Floquet Dirac π-mode arcs connecting them can be seen. Inset: the modular
square of the particle component of the wave function against lattice sites for (φy , φz) =
(
pi
2
, arccos pi
4
)
inside the π-mode flat
bands. (b) The quasienergy spectrum as a function of φz for fixed φy =
pi
2
. (c) The quasienergy spectrum for V = 8 and ∆ = 0
as a function of φz with fixed φy = 0, where counterpropagating chiral edge states appear in both Floquet gaps near ǫ = 0 and
ǫ = π, which still exist in (d) with a small ∆ = 0.3. (e) For V = 2,∆ = 2.5 and (f) V = 8,∆ = 2.2, the quasienergy spectrum
as a function of φz for fixed φy =
pi
2
, where edge modes emerge at quasienergy zero and π simultaneously under the same φy
and φz.
perconductivity along an artificial dimension, which re-
mains an open question. Nevertheless, our results add
knowledge on the effect of superconductivity on Weyl
points and its implications on static and Floquet sys-
tems [68–72]. One possible future work along this direc-
tion might be to consider a more realistic Floquet system,
such as the continuously driven Harper model [73] with
off-diagonal modulation, which amounts to replacing the
kicking term in Eq. (9) with a harmonic driving. It is
expected that this feature of the kicked model might also
be found in such a model. Another topic that can be ex-
plored includes the relationship between the topological
invariant in our model and transport properties, similar
to the charge pumping [25, 74, 75] or the fermion parity
pumping [76] over one adiabatic cycle. It is also interest-
ing to investigate physical phenomena resulting from the
coexistence of SSH-like Dirac modes and Kitaev-like Ma-
jorana modes. Finally, the emergence of controllable flat
bands at quasienergy zero and π might serve as a good
starting point to study interaction effects in Floquet sys-
tems.
Note added. Recently, we became aware of a pa-
per [54] which investigated the static p-wave supercon-
ducting pairing Harper model in both incommensurate
and commensurate cases. Similar results for the com-
mensurate cases of α1 = α2 =
1
2 were found there. Both
Kitaev-like Majorana zero modes and SSH-like Dirac zero
modes are also shown in our paper.
H.Q.W., M.N.Chen., and R.W.B. contributed equally
to this work.
Appendix A: Calculation of the Z invariant
We first calculate the chiral index N1 corresponding to
the chiral symmetry C1 = τx for general φy and φz . By
introducing a unitary transformation,
U1 =
1√
2


1 0 1 0
0 1 0 1
−1 0 1 0
0 −1 0 1

 (A1)
which diagonalizes C1 as U1C1U
†
1 = τz , the Hamiltonian
can be brought into an off-diagonal form,
U1hU
†
1 =
(
0 D1
D†1 0
)
, (A2)
with
D1 =
( −c −a+ ib+
−a+ ib− c
)
, (A3)
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where a = J cos k, b± = (∆ ± λ cosφy) sin k, and c =
V cosφz
2 . The chiral index N1 can then be calculated
by [53, 54]
N1 = −Tr
∫ pi
0
dk
2πi
D−11 ∂kD1 = −
∫ pi
0
dk
2πi
∂k lnZ1,
(A4)
with
Z1 = DetD1 =∆
2 sin2 k − J2 cos2 k − λ2 cos2 φy sin2 k
−1
4
V 2 cos2 φz + 2i∆J sink cos k. (A5)
Here, ∆ > 0, so we have
N1 =

 1 for ∆ >
√
λ2 cos2 φy +
V 2 cos2 φz
4 ,
0 for ∆ <
√
λ2 cos2 φy +
V 2 cos2 φz
4 .
(A6)
Next we calculate the chiral index N2 corresponding to
the chiral (sublattice) symmetry C2 = σz when φz = ±pi2 .
Similarly, we introduce a unitary transformation,
U2 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , (A7)
through which we get U2C2U
†
2 = τz and
U2hU
†
2 =
(
0 D2
D†2 0
)
, (A8)
with
D2 =
(
f g
−g −f
)
, (A9)
where f = J cos k − iλ cosφy sin k and g = i∆sink. To
get the correct chiral index, a gauge transformation in
the original Fourier transform cˆ2,k → cˆ2,ke−ik needs to
be performed to eliminate the phase difference between
the two sublattices inside a unit cell. Under this trans-
formation, f → feik and g → geik. The chiral index N2
can then be calculated as [53, 54]
N2 = −Tr
∫ pi
0
dk
2πi
D−12 ∂kD2 = −
∫ pi
0
dk
2πi
∂k lnZ2,
(A10)
with
Z2 = DetD2 =
(
λ2 cos2 φy sin
2 k − J2 cos2 k −∆2 sin2 k
+2i∆J sin k cos k
)
e2ik. (A11)
Finally we get
N2 = Θ(λ cosφy −∆) + Θ(λ cosφy +∆)
=


2 for λ cosφy > ∆,
1 for −∆ < λ cosφy < ∆,
0 for λ cosφy < −∆.
(A12)
Here, Θ is the step function and ∆ > 0.
Appendix B: Calculation of the Z2 invariant
In order to calculate the Z2 index, we need to rewrite
the Hamiltonian in the Majorana representation through
the transformation


γ1,k
γ2,k
γ3,k
γ4,k

 =


1 0 1 0
−i 0 i 0
0 1 0 1
0 −i 0 i




cˆ1,k
cˆ2,k
cˆ†1,−k
cˆ†2,−k

 , (B1)
where the Majorana operators satisfy the following anti-
commutation relation:
{γn,k, γn′,−k′} = 2δnn′δkk′ . (γ†n,k = γn,−k).
(B2)
The Hamiltonian can be written in the form [55]
H =
i
4
∑
k
∑
nn′
Mnn′,kγn,−kγn′,k, (B3)
with
M = 2


0 c 0 a+ ib−
−c 0 −a+ ib+ 0
0 a+ ib+ 0 −c
−a+ ib− 0 c 0

 ,
(B4)
where a, b±, and c are the same as in Eq. (A3). The Z2
index is given by the sign of the products of the Pfaffian
at two particle-hole symmetric momenta k = 0 and k = pi2
[55]
Q = sgn{Pf[M0]Pf[Mpi/2]} (B5)
where Pf means the Pfaffian of a matrix. However, in the
above representation,M pi
2
is not skew symmetric, and its
Pfaffian is not well defined. To make it skew symmetric,
the same gauge transformation as in Appendix A is intro-
duced to the Fourier transform cˆ2,k → cˆ2,ke−ik, leading
to
M14 → 2(a+ ib−)e−ik
M23 → 2(−a+ ib+)e−ik
M32 → 2(a+ ib+)eik
M41 → 2(−a+ ib−)eik.
The Z2 index is then obtained as
Q = sgn
{(
λ2 cos2 φy +
V 2 cos2 φz
4
)
−∆2
}
. (B6)
Here, Q = −1 stands for a nontrivial phase with odd
number of Majorana zero modes, due to the relation Q =
(−1)N1 .
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Appendix C: Calculation of the Z2 × Z2 invariant
In the Majorana representation as introduced in Ap-
pendix B, the time-independent term and the kicked term
in the exponential of the Floquet operator can be ex-
pressed in the form [55]
H0 =
i
4
∑
k
∑
nn′
Ann′,kγn,−kγn′,k, (C1)
Hkicked =
i
4
∑
k
∑
nn′
Bnn′,kγn,−kγn′,k, (C2)
For the A matrix, only the following four elements are
nonzero:
A14 = (a+ ib−)e
−ik,
A23 = (−a+ ib+)e−ik,
A32 = (a+ ib+)e
ik,
A41 = (−a+ ib−)eik,
where the same gauge transformation has been per-
formed, while for the B matrix,
B = V cos(φz)δ(t−mT )


0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

 ,
The Z2 × Z2 index can then be calculated by [27]
Q0Qpi = sgn{Pf[M0]Pf[Mpi/2]}, (C3)
Q0 = sgn{Pf[N0]Pf[Npi/2]}, (C4)
where Mk = ln[Uk] and Nk = ln[
√
Uk] are skew-
symmetric matrices related to the evolution, and ln[
√
Uk]
is derived from the analytic continuation from the history
of Uk(τ).
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